Abstract. In this paper we put together some tools from differential topology and analysis to study second order semi-linear partial differential equations on a Riemannian manifold M . We look for solutions that are constants along orbits of a given group action. Using some results obtained by Helgason in [J DIFFER GEOM,6(3), 411-419] we are able to write a (reduced) second order semi-linear problem on a submanifold Σ. This submanifold is, in certain sense, transversal to the orbits of the group actions and its existence is assumed. We describe precise conditions on the Riemannian Manifold M and the submanifold Σ in order to be able to write the reduced equation on Σ. These conditions are satisfied by several particular cases including some examples treated separately in the literature such as the sphere, surfaces of revolution and others. Our framework also includes the setup of polar actions or exponential coordinates. Using this procedure, we are left with a second order semi-linear equation posed on a submanifold. In particular, if the submanifold Σ is one-dimensional, we can use suitable tools from analysis to obtain existence and properties of solutions.
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Introduction
In this paper we study existence of non-negative solutions of second order semi-linear problem posed on a n-dimensional Riemannian manifold M . In particular we consider the problem,
where ∆ M is the Laplace-Beltrami operator defined on M and u is a non-negative function. The function f : R → R represents the nonlinearity and b : M → R is a regularizing coefficient. The semi-linear problem (1) has been studied in several configuration manifolds like R n , S n or some surfaces of revolution; see [14, 2, 1, 4, 3] among others. On these cases, the existence of solutions have been obtained with an analytical approach after a change of variables. For instance, in the case of R n the problem is reduced to a one-dimensional problem when considering polar coordinates and seeking form radial solutions. The resulting problems is a one dimensional semi-linear second order problem having possible some finite number of singularities. Then, existence of solutions of the resulting one-dimensional problem is obtained using tools from analysis. Solution of the one-dimensional reduced problem corresponds to solutions of the original semi-linear n-dimensional problem that solely depend on the radial part when considering them in polar coordinates.
Note that the construction mentioned above, depends on some particular properties the respective configuration space that requires a particular coordinated system. Indeed, what is behind this construction is a particular geometry on the configuration space; in other words, the solution to the problem depends on the geometry of the configuration space M . These examples are particular examples of a family of geometries described via a general polar coordinates system coming from the set of symmetries of the manifold M , sometimes referred as polar actions. See [11, 5] .
The main goal of this manuscript is to present a geometrical point of view of some reported solutions methods of the problem (1) . This geometric interpretation allows us to extended the analysis to second order semi-linear problems posed on more general configuration spaces. This approach lies on a characterization of the Laplace-Beltrami operator on manifolds with polar actions; see [10] . More precisely, If we consider a polar action of a topological group G on the manifold M with one-dimensional transverse submanifold Σ, under usual assumptions on regularity and growth condition on the non-linear term, we obtain that the problem (1) has at least one non-negative solution u ∈ C ∞ (M ). The assumptions on the nonlinear term are classical assumptions; for instance, they are similar to a result given in [14] .
We stress that the polar action is the geometric properties of the configuration space we mentioned above. For this action we ask an additional condition on the rank of the transverse submanifold Σ. This is a technical condition that appears in order to reduce the problem (1) posed on M to a problem posed on Σ when seeking for solutions that are invariant with respect to the polar action of G. In this paper we consider mainly the case where Σ is a one-dimensional manifold (that is, and interval) since for these case there are available results to obtain existence and properties of solutions; see [14] and references therein. In the case of Σ being of dimension greater than one, we can still write a second oder semi-linear problem on Σ but, of course, obtaining existence and properties of solutions is more involved in this case and it will require more sophisticated tools that the ones used to obtain existence and properties of solutions in the one-dimensional case. The case where Σ is of dimension larger that one, will be object of future research.
The organization of the paper is the following: in Section 2 we give a general method to solve the problem in the cases of the euclidean space, the sphere and surface of revolution. Indeed, the semi-linear problem on each case can be reduced to the same type of one-dimensional problem (compare the ordinary differential equations (2), (3) and (5)). In Section 3 we present a brief summary of the geometric tools used to reduce the problem (1) posed on M to a second order semi-linear problem posed on the submanifold Σ. In particular we give a description of the Laplace-Beltrami operator and we introduce the polar actions. Also, the case of the two-point homogeneous spaces is described with special interest. Finally, Section 4 is devoted to give the proof of the main result, Theorem 9, which gives existence of solution to (1) via general polar coordinates.
Preliminary examples
Here we present a standard method to obtain solutions of problem (1) for the particular cases of the euclidean space, the sphere and surfaces of revolution. The method we present here can be summarized as follows: Example 2.1 (The euclidean space M = R n ). Suppose that the functions u and b are radial on polar coordinates (r, θ 1 , . . . , θ n−1 ). The equation in (1) becomes into
which has a singularity at r = 0. Under the change of variable s = r 1 c n t 1−n dt we get the following equivalent one-dimensional problem
which is posed on R.
Remark 1. Note that the same argument, but for r belonging to the interval (R 1 , R 2 ), can be used to write a similar one-dimensional problem in the case when M is the annulus bounded by the spheres of radius R 1 and R 2 .
Example 2.2 (The sphere M = S n ). Suppose that the functions u and b are radial on spherical coordinates (r, ϕ 1 , . . . , ϕ n−1 ) where r is the arc-length of a meridian from a fixed point p ∈ S n . The equation
which has a singularity at r = 0 and r = π. Under a suitable change of variable and defining s = r r 0 c n sin(t) 1−n dt we get the following equivalent ODE
Remark 2. If we consider the case n = 2, S 2 ⊂ R 3 and p = (0, 0, 1) and the north pole. We can change variable to the vertical axis z using sin(r) = √ 1 − z 2 to get the equation
where v(z) = u(r). Note that due to the change of variables now the singularities are located at z = −1 and z = 1. This case was studied in [3] where they show that the semi-linear Laplace-Beltrami equation has infinitely many solutions on the unit sphere which are symmetric with respect to rotations around some axis. They use a fixed point theorem combined with some energy analysis to obtain local solutions.
To obtain global solutions they write a Pohozaev-type identity to prove that the energy is continuously increasing with the initial condition and then use phase plane analysis to prove the existence of infinitely many solutions.
Under positivity and regularity assumptions on b and asymptotic behavior of f , the equations (2) has regular and positive solution z(s) whenever positive solutions of z + b(r(s))(r(s)) 2(n−1) = 0 exists. Same result holds if we consider the equation (3) and positive solutions of z + b(r(s))(c n sin(r(s)) n−1 ) 2 = 0 also exists. On both cases, we get conditions on b and f in order to guarantee solution to the problem (1).
Example 2.3 (Closed surfaces of revolution).
Consider now a plane curve γ(t) = (x(t), z(t)) defined on an interval I = [a, b] with nonnegative components and parametrized by arc-length. If in addition we assume that x(a) = x(b) = 0, then we can construct a simply connected surface of revolution S parametrized by (x(t) cos(θ), x(t) sin(θ), z(t)). The surface S has a Riemannian structure coming from the euclidean structure on R 3 and it satisfies that the meridian geodesics with origin on p = (0, 0, z(a)) are the curves with θ constant [5] . Indeed, the coordinates (t, θ) are the geodesic polar coordinates and the Laplace-Beltrami operator on geodesics radial functions, using (6), is ∆u = u (t) + (ln(x(t))) u (t), and the problem (1) is written as
Again, by using a change of variable of the type s =
dt where A(t) is the area of the geodesic sphere of radius t, we obtain that the previous system is given by
which is an ODE.
The remarkable fact is that the solutions of the problem (1) on these three cases can be studied by the same type of second order ODE (cf. equations (2), (3) and (5)). Same procedure can be applied to more general situations where we can find a "radial" variable and the remaining variables can be considered as "symmetries"-variables.
Geometrical setting
This section is devoted to present some basic facts on Riemannian geometry needed to describe our main problem in a general set-up. The key ingredients will be the Laplace-Beltrami operator and the polar actions.
3.1. Riemannian geometry. Let us begin by presenting some familiar concepts. For a more detailed description we reefer the reader to [11] .
A manifold M of dimension n is a connected para-compact Hausdorff space for which every point x ∈ M has a neighborhood U x that is homeomorphic to an open subset Ω x of R n . Such a homeomorphism φ x : U x → Ω x is called a coordinate chart. If for two charts the function
r -diffeomorphism we say that the manifold has a C r -differentiable structure. We denote T x M , the vector space which consist of all tangent vector to curves in M on the point x. It is called the tangent space of M at the point x.
A Riemannian metric on a differentiable manifold M is given by a scalar product on each tangent space T x M which depends smoothly on the base point x. A Riemannian manifold is a differentiable manifold equipped with a Riemannian metric.
In any system of local coordinates (x 1 , . . . , x n ) the Riemannian metric is represented by the positive definite, symmetric matrix (g ij (x)) i,j=1,...,n where the coefficients depend smoothly on x.
Let γ : [a, b] → M be a smooth curve. The length of γ is defined as
where the norm of the tangent vector γ is given by the Riemannian metric. This value is invariant under re-parametrization. Taking the infimum of the values L(γ) among all the curves γ joining two points p, q ∈ M we can define a distance function on M and the topology of this distance coincides with the topology of the manifold structure of M . The main consequence of this theorem is that we can define what is called normal coordinates via exponential map. The exponential map is a diffeomorphism between an open set of T x M (with center at 0) defined by geodesics and an open on M (with center at x). When we use standard coordinates (r, ϕ), where ϕ = (ϕ 1 , . . . , ϕ n−1 ) parametrizes the unit sphere S n−1 on R n , we then obtain polar coordinates on T x M (via an orthonormal linear isomorphism T x M ≡ R n ), thus we get new coordinate system on M via the exponential map. Such coordinates are known as geodesic polar coordinates and satisfies that the lines with ϕ constant are geodesic.
Corollary 4.
For any x ∈ M , there exists ρ > 0 such that geodesic polar coordinates can be introduced on B(x, ρ) := {q ∈ M : d(x, q) ≤ ρ}. For any such ρ and any q ∈ ∂B(x, ρ), there is precisely one geodesic of shortest length (= ρ) from x to q, and in polar coordinates, this geodesic is given by the straight line x(t) = (t, ϕ 0 ), 0 ≤ t ≤ ρ, where q is represented by the coordinates (ρ, ϕ 0 ), ϕ 0 ∈ S n−1 .
Example 3.1 (The sphere). The surface S 2 can be constructed via radial circles C z centered at some point in [−r 0 , r 0 ] in the z-axis. It provides us a parametrization of S 2 via the formula γ(z, t) = ( r 2 0 − z 2 cos(t), r 2 0 − z 2 sin(t), z) for a fixed value of r 0 . We consider the tangent space T p S 2 at some point p ∈ S 2 (see FIGURE 1). In T p S 2 we can define the (planar) polar coordinates (r, θ) centered at the point p. Without loss of generality we assume p = (0, 0, r 0 ) and we can project each circle defined on these polar coordinates to S 2 such that the image of these circles coincides with the circles C z and the radio r projects on a geodesic transversal to the circles C z . as the Riemann measure of the geodesic sphere S r (P ) with center at p ∈ M is independent of the point p hence A is globally defined on M .
Note that from definition we can observe that we only need one invariant to determine all the equidistant pair of points. The last statement is just the well known fact that any two points homogeneous spaces is the euclidean space or a symmetric space of rank one (see Chapter X in [6] ). For the complete classification of the symmetric spaces of arbitrary rank we refer to [8, Table V Chapter X], and for the convenience of the reader we give the list of the two points homogeneous spaces.
• The euclidean space R n and the spheres S n for n ≥ 1 • Real, complex and quaternion projective spaces P R n , P C n , and P H n for n ≥ 2 • Real, complex and quaternion hyperbolic space HR n , HC n , and HH n for n ≥ 2 • Cayley projective P C Some special cases of closed surfaces of revolution, classified by the Gaussian curvature, are isometric with two points homogeneous spaces.
3.2.
The Laplace-Beltrami operator and geodesic polar coordinates. What we need now is the description of the Laplace-Beltrami operator for Riemann manifolds M . If we denote byḡ = det(g ij ), the Laplace-Beltrami operator acting on a smooth function u : M → R is defined as
where (g ij ) := (g ij ) −1 . In the case of geodesic polar coordinates we have a special form of the previous operator:
For two points homogeneous spaces the previous formula takes the following form,
where u is a geodesical radial function and A(r) is the Riemann measure of the geodesic sphere of radius r (cf. Lemma 7.12 in [6] ).
3.3.
Generalized polar coordinates. In order to give a generalization of the geodesic polar coordinates given in the previous section for two points homogeneous spaces to a more general set-up, we shall do some remarks on the presentation of the examples 2.1-2.3. The geometry of these will serve to us as a motivation to study the more general notion, the polar coordinates. For that goal some definitions are needed.
Definition 1.
An action of a Lie group G with identity element e on a manifold M is a differentiable map φ :
• φ(αβ, x) = φ(α, φ(β, x)) for all α, β ∈ G and for all x ∈ M .
For short we denote for all α ∈ G and x ∈ M : φ(α, x) = αx and we denote by G · x := {αx|α ∈ G} the orbit of x ∈ M . For a Riemannian manifold (M, g) we say that the action of G on M is an isometry if for any α ∈ G we have
With this definition we proceed to revisit some examples. Let us begin with the example of the 2-sphere. The surface S 2 can be constructed via radial circles C z centered at some point in [−r 0 , r 0 ] in the z-axis. It provides us a parametrization of S 2 via the formula γ(z, t) = ( r 2 0 − z 2 cos(t), r 2 0 − z 2 sin(t), z) for a fixed value of r 0 .
We define an action from the compact group S 1 on S 2 by
, where θ λ is the angle corresponding to λ ∈ S 1 . Note that the orbit of the point γ(z, t) is exactly the circle C z . Now we fix a point p ∈ S 2 (that is not the north neither the south pole) and consider the meridian Σ through p, we obtain that Σ = {( r 2 0 − x 2 , 0, z)| − r 0 < z < r 0 } for a suitable x ∈ (−r 0 , r 0 ). For each z ∈ (−r 0 , r 0 ), the tangent space at p can be decomposed as T p S 2 = E 1 ⊕ E 2 where E 1 is a one-dimensional vector space generated by a vector in the direction of Σ and E 2 is generated by a vector in the direction of the circle C z . Note that in this case the submanifold Σ is transversal to the action of S 1 on S 2 . We stress that this fact only holds for points that are not the north or the south pole (i.e. z ∈ (−r 0 , r 0 )) because this particular points are fixed point of the action; nevertheless such points can be considered in the situation described before by using another (invariant by rotation) parametrization.
This situation also happens in the other examples presented in section 2. That is, there exists an action by isometries of a compact group G on the Riemannian manifold M , where the orbit of a single point is transversal to a fixed submanifold Σ of M :
• For example 2.1, there is an action of the group SO(n). For this action the submanifold Σ can be chosen as an infinite line from the origin in R n • For the example 2.2, the subgroup G of SO(n + 1) defined by the rotations about the x n+1 -axis acts on S n by considering it as a submanifold of the space R n+1 (that is, G = SO(n − 1)). The submanifold Σ can be chosen as a geodesic line joining the points (0, . . . , 0, 1) and (0, . . . , 0, −1) of S n .
• For the surfaces of revolution, the group S 1 acts by rotations on the surface, where Σ is image of the curve γ(t) = (x(t), 0, z(t)).
Moreover note that this holds for any surface of revolution not only the closed ones.
• In general, for two points homogeneous spaces it always exists such transversal one-dimensional submanifold All these considerations also hold for two points homogeneous spaces. In this way, the polar geodesics coordinates on these spaces can be understood as the one given by the orbits of an action and the transversal one-dimensional submanifold. to a general set-up of actions from a group of isometries G on a Riemannian manifold M , where the submanifold Σ can be chosen to be transversal to the orbits of the action. Definition 2. Let G be a Lie group acting on M by isometries. One says that the action is polar if there is a complete immersed submanifold Σ in M that is transversal to non trivial orbits. That is, if G · x = {x} then Σ intersects G · x in a single point and
From the previous work we can verify that the action of S 1 on the sphere S n is a polar action when consider Σ as a meridian without the north and south poles (these are the fixed points of the action). The use of polar action gives meaningful advantages; for instance we can consider more situations than two points homogeneous spaces where we have a suitable polar coordinates, namely, the space T 2 = S 1 × S 1 with an action of S 1 defined by rotating the second coordinate, the set {(s 1 , s 0 ) : s 1 ∈ S 1 } is a submanifold of T 2 , transversal to the orbits of the action.The main advantage we work with is that for manifolds which admits polar actions we obtain a general description of the Laplace-Beltrami operator. In particular, we extend the expression of Laplace-Beltrami operator for general surface of revolution that are not isometric to two points homogeneous spaces.
3.3.1. The radial part of a differential operator. For this section we will assume a polar action and our main reference is [10] . We remake some constructions presented there in order to obtain a clear presentation.
Let (M, g) be a complete Riemannian manifold and let Σ a submanifold of M . For any element s ∈ Σ, we consider Σ ⊥ s the set of all the geodesics starting at s transversally to Σ. For a fixed neighborhood U 0 of a point s 0 ∈ Σ we can assume that all the Σ ⊥ s for s ∈ U 0 are disjoints, then, their union defines a neighborhood V 0 of s 0 in Σ. For 2 There is a weaker notion but we do not consider it because we want to avoid fixed points of the G-action any C ∞ -function u with compact support defined on Σ, we defineũ on 
We denote it by D T . 
where A(r) denotes the Riemannian G-invariant measure of the geodesic sphere of radius r along the submanifold Σ and • denotes the composition of the operator L Σ and the operator multiplication by A(r).
Let u be a function such that u(x) = u(gx) for all g ∈ G and for all x ∈ M . Obviously the function u is G-invariant, then we can apply the Theorem 7 and obtain (8)
the explicit formula for the Laplace-Beltrami operator applied on u.
For some straightforward calculations, the equation 8 turns out to be
recovering the equation (7) presented before for two points homogeneous spaces (see Section 3.2) in a general setting
We finish this section by discussing the case of higher dimensional transverse manifold. Note that the Laplace-Beltrami operator in (7) , for two points homogeneous spaces, applied to the PDE in the problem (1) yields the following equivalent problem for radial functions (9) (Au ) + Abf (u) = 0.
This one dimensional equation correspond to a general situation presented in the examples leading to equations (2),(3) and (5).
In the general case of polar actions, the dimension of Σ could be greater than 1, and in these cases the PDE in (1) is equivalent to (10) ∆u + 2 ∇ A(r) · ∇u
for G−invariant function u. Hence we get a semi-linear PDE that can be considered for analysis. In particular, several questions could, in principle be studied:
• Existence of solutions (that will imply existence of polar action invariant solution of the original problem) • Existence of infinitely many polar actions invariant solutions since the reduced dimensional problem may be parametrized by some boundary data • Existence of solution with some desirable properties such as non-negativity and similar properties and many other analytical questions.
To illustrate the use of the geometrical tool presented so far we present, in the next section, the case where the parameter r is one dimensional and we are seeking the existence of a non-negative solution of problem (1). The general case will be object of future work by some of the authors.
4. Non-negative solutions for the case of one dimensional transverse submanifold
We start by stating our result. 
is so that lim q→0 + f (q)/q = ∞ and we have lim q→∞ f (q)/q = 0.
Then the problem (1) has at least one non-negative solution u ∈ C ∞ (M ).
Assumption (i) is a technical assumption and it refers to the nonintegrability of the function 1/φ. The case where the change of variables J maps Σ to a bounded interval is easier to deal with and it is not presented here. The other to hypothesis (ii)-(iii) recall a result given in [14] and the polar action is the geometric properties of the configuration space we mentioned above. The other condition, the rank of the transverse submanifold, is a technical condition that appears in order to reduce the problem (1) posed on M to a problem posed on σ when seeking for solutions that are invariant with respect to the polar action of G.
Proof. Here we show the solution for the problem (1) where M is a surface of revolution or two points homogeneous spaces. As we mentioned in the previous section, if we assume u and b radial functions (in global polar coordinates), then the problem transforms to (SL1) (φ(r)u (r)) + b(r)φ(r)f (u(r)) = 0,
where d is a real number. Note that φ(r) = x(t) in the surface of revolution case and φ(r) = A(r) in the two points homogeneous spaces case. On both cases the function φ(r) is non-negative for r = 0, so we can define s = J(r) = has solution if in addition we suppose that f ∈ C 1 ((0, ∞), (0, ∞)) is so that lim q→0 + f (q)/q = ∞ and lim q→∞ f (q)/q = 0.
Note that in this case u(r) = z(J(r)) is solution of the problem (1).
Conclusions
In this paper we study second oder semi-linear partial differential equations on a Riemannian manifold. In particular, we prove the existence of solutions that are constants along orbits of a given group action. Using some results obtained by Helgason in [7] we reduce the dimension of the partial differential equation and are able to bring known tools from analysis to obtain the results. We detailed all the geometrical constructions needed in order to obtain the reduced dimensional problem that, in the general case, is posed on a submanifold of the original domain where the partial differential equation is posed; see (10) .
